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ABSTRACT:  

The construction of an ellipse using conjugate diameters is an essential concept in geometry and 

engineering. Conjugate diameters are two perpendicular diameters of an ellipse that intersect at 

its center. This article discusses the geometric construction of an ellipse through conjugate 

diameters, examines its mathematical foundations, and explores its modern applications in 

physics, engineering, and computer graphics. We present formulas and geometric reasoning to 

facilitate the construction and use of conjugate diameters in real-world contexts. 

Keywords: Ellipse construction, conjugate diameters, affine transformation, parametric equation, 

geometry. 

 

INTRODUCTION 

The ellipse is one of the key shapes in conic section geometry and has been studied for thousands 

of years. It is defined as the set of points in a plane for which the sum of the distances from two 

fixed points, known as the foci, is constant. The fundamental properties of the ellipse, such as its 

symmetry and the relationship between its axes, make it an essential shape in both theoretical 

and applied mathematics. Understanding the ellipse's geometric construction is vital for many 

fields, including astronomy, physics, engineering, and computer science. 

A particularly useful method for constructing an ellipse is by using conjugate diameters. Conjugate 

diameters are two perpendicular diameters of an ellipse that intersect at its center and have a 

unique geometric relationship with the shape's axes. This method provides a geometric 

foundation for understanding the properties of ellipses and offers a practical approach for 
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constructing them in various contexts. Conjugate diameters serve as a tool for simplifying and 

generalizing ellipse-related problems, making them applicable to a wide range of disciplines. 

The concept of conjugate diameters is rooted in classical geometry, where it is often used to 

define the ellipse's axes and to determine various properties such as the eccentricity and focal 

distance. By understanding how to construct an ellipse through these conjugate diameters, one 

can derive the essential parameters of the ellipse and apply them to real-world situations. For 

example, conjugate diameters are instrumental in the design of elliptical mirrors in optics, the 

modeling of planetary orbits in astronomy, and the creation of smooth curves in computer 

graphics. 

Moreover, conjugate diameters reveal the symmetry inherent in the ellipse and highlight its 

connection to other conic sections, such as parabolas and hyperbolas. The study of these 

diameters also provides insight into more complex mathematical concepts, such as affine 

transformations and projective geometry, which are foundational in advanced fields of 

mathematics and physics. 

In this article, we aim to explore the geometric construction of ellipses using conjugate diameters, 

derive relevant mathematical formulas, and examine the historical development of this concept. 

Additionally, we will explore the practical applications of ellipses in modern science and 

technology, emphasizing how the principles of conjugate diameters are used in various industries. 

By the end of this paper, readers will have a deeper understanding of the significance of conjugate 

diameters in constructing ellipses and their wide-ranging uses across different scientific domains. 

METHODS 

Geometric construction 

To construct an ellipse using conjugate diameters, we start by defining two perpendicular 

diameters of the ellipse. These diameters, denoted  𝑑1  𝑎𝑛𝑑 𝑑2, are called conjugate diameters 

because of their unique geometric relationship. The construction of the ellipse involves several 

key steps: 

-Choose conjugate diameters: Select two perpendicular diameters 𝑑1  𝑎𝑛𝑑 𝑑2  of the ellipse. The 

center  of the ellipse is where these diameters intersect. The length of the major axis is denoted 

by 2𝑎 and the minor axis by  2𝑏, where 𝑎 is the semi-major axis and 𝑏 is the semi-minor axis. 

-Define the foci: The foci 𝐹1 𝑎𝑛𝑑  𝐹2  of the ellipse lie on the major axis, symmetrically spaced from 

the center 𝑂. The distance from the center to each focus is given by: 
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𝑐 = √𝑎2 − 𝑏2 

This means the foci are located at a distance ccc from the center along the major axis. 

-Draw conjugate diameters: For every point along the first conjugate diameter 𝑑1   draw a line 

perpendicular to 𝑑1  at that point. The intersection of these perpendicular lines with the second 

conjugate diameter  𝑑2 forms the ellipse. 

-Plot points and construct the ellipse: After drawing the conjugate diameters and the 

perpendicular lines, plot the points that form the boundary of the ellipse. These points, obtained 

through the intersections, will outline the full shape of the ellipse. 

Diagrams of the geometric construction 

Step 1: choosing the conjugate diameters 

We begin by defining two perpendicular diameters 𝑑1  𝑎𝑛𝑑 𝑑2, and placing them at the center 𝑂 

of the ellipse. 

o 𝑑1   is the major diameter (horizontal axis), with length 2𝑎. 

o  𝑑2 is the minor diameter (vertical axis), with length 2𝑏. 

o The center 𝑂 is where both diameters intersect, and the foci 𝐹1  𝑎𝑛𝑑  𝐹2  are placed 

symmetrically along the major axis. 

Step 2: Defining the foci 

The foci 𝐹1  𝑎𝑛𝑑  𝐹2  are positioned along the major axis at a distance ccc from the center 𝑂. This 

is the distance that determines the elliptical shape. 

o The foci are at the points 𝐹1  𝑎𝑛𝑑  𝐹2,  where 𝑐 = √𝑎2 − 𝑏2. 

Step 3: Drawing perpendiculars from points on 𝒅𝟏 From every point on the first conjugate 

diameter 𝑑1 , we draw a line perpendicular to it. The point where each of these perpendiculars 

intersects the second conjugate diameter  𝑑2  marks a point on the ellipse. 

o The intersection points of the perpendicular lines with the second conjugate 

diameter  𝑑2 will outline the ellipse. 

Step 4: Completing the ellipse 

Finally, by plotting the intersection points obtained in Step 3, we form the boundary of the ellipse. 

This is the completed geometric construction. 

o The boundary formed by the points is the ellipse, which satisfies the standard 

equation of an ellipse. 

Mathematical analysis 
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The parametric equations of the ellipse can be derived based on the construction using conjugate 

diameters. If we denote the parametric angle as θ, the coordinates of a point on the ellipse are 

given by: 

𝑥 = 𝑎 cos(θ) 

𝑦 = 𝑏 sin(θ) 

where 𝑎 is the semi-major axis, and 𝑏  is the semi-minor axis. The relationship between the 

parametric coordinates provides a full description of the ellipse’s shape, and this can be used in 

various applications ranging from engineering to computer graphics. 

RESULTS 

In this section, we will visualize the results of constructing an ellipse using conjugate diameters. 

The geometric construction we have discussed leads to a precise and symmetrical ellipse, and we 

will use diagrams to illustrate the key outcomes of the construction process. These diagrams will 

help demonstrate the properties of the ellipse and how it corresponds to its mathematical 

representation. 

Geometric outcome 

After following the geometric construction steps, the ellipse formed by the conjugate diameters 

will exhibit the following characteristics: 

• Center 𝑶: The intersection of the two conjugate diameters. 

• Semi-major axis 𝒂: The length of the major diameter, spanning from −𝑎 𝑡𝑜 +

𝑎 𝑎𝑙𝑜𝑛𝑔 𝑡ℎ𝑒 𝑥-axis. 

• Semi-minor axis 𝒃: The length of the minor diameter, spanning from −𝑏 𝑡𝑜 +

𝑏 𝑎𝑙𝑜𝑛𝑔 𝑡ℎ𝑒 𝑦 −axis. 

• Foci 𝑭𝟏  𝒂𝒏𝒅  𝑭𝟐 : The foci are located along the major axis at a distance  

• 𝑐 = √𝑎2 − 𝑏2 from the center. 

Diagram of the constructed ellipse 

Here is a diagram showing the full ellipse after completing the geometric construction using 

conjugate diameters. The ellipse is symmetric about both the 𝑥 -axis (major axis) and 𝑦-axis (minor 

axis). 

• The center 𝑂  is where the two conjugate diameters intersect. 

• The foci 𝐹1  𝑎𝑛𝑑  𝐹2   are placed along the major axis at a distance ccc from the center 𝑂. 
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• The ellipse passes through the points where the conjugate diameters intersect with the 

perpendicular lines drawn from each point along 𝑑1. 

Plot of the ellipse equation 

The equation of the ellipse in its standard form is: 

𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 

 

This equation describes all the points (𝑥, 𝑦)  that lie on the boundary of the ellipse. Let’s visualize 

this equation using a plot of the ellipse for some values of 𝑎 =  5 𝑎𝑛𝑑 𝑏 =  3. 

• The plot shows a smooth, closed curve representing the ellipse, confirming the results of 

the geometric construction. 

• As seen, the major axis is along the xxx-axis, and the minor axis is along the 𝑦-axis. 

• The foci 𝐹1  𝑎𝑛𝑑  𝐹2  are not shown on the plot, but they would lie along the major axis at 

a distance of𝑐 = √𝑎2 − 𝑏2 = √52 − 32 = 4 units from the center. 

Eccentricity and foci 

The eccentricity 𝑒 of the ellipse is defined as the ratio of the distance from the center to the focus 

(𝑐) to the length of the semi-major axis (𝑎): 

𝑒 =
𝑐

𝑎
=

√𝑎2 − 𝑏2

𝑎
 

For the example we are using, 

𝑤𝑖𝑡ℎ 𝑎 =  5  𝑎𝑛𝑑 𝑏 =  3, 𝑤𝑒 ℎ𝑎𝑣𝑒: 

𝑒 =
√52 − 32

5
=

√16

5
=

4

5
= 0.8 

This value of eee indicates that the 

ellipse is relatively elongated, but still far 

from being a straight line (which would 

have an eccentricity of 1). 

Let’s visualize the foci location and 

the elliptical shape again with eccentricity 

taken into account. 

• The foci 𝐹1  𝑎𝑛𝑑  𝐹2   are located at a distance of 4 units from the center along the major 

axis. 
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• The eccentricity 𝑒 =  0.8  implies that the ellipse is not a perfect circle but still retains a 

significant degree of symmetry. 

 Confirmation with parametric equations 

As mentioned in the methods section, the parametric equations of the ellipse are: 

𝑥 = 𝑎 cos(θ) 

𝑦 = 𝑏 sin(θ) 

By plotting these parametric equations, we confirm that the points (𝑥, 𝑦) generated from these 

equations form the exact same shape as the geometric construction of the ellipse. For 𝑎 =

 5 𝑎𝑛𝑑 𝑏 =  3, the parametric form of the ellipse can be plotted as follows: 

• The parametric plot confirms that the boundary of the ellipse is consistent with the 

previously constructed shape. 

• The equation matches the smooth curve produced by the geometric method and the 

plotted parametric equations. 

Applications 

In practice, the method of constructing an ellipse using conjugate diameters has several 

important applications: 

• Optics: In optical systems, such as telescopes or elliptical mirrors, the focus of light at two 

points along the major axis is essential for creating clear, focused images. By constructing 

an ellipse with conjugate diameters, engineers can design mirrors and lenses with specific 

focal properties. 

• Astronomy: Planetary orbits and the trajectories of comets follow elliptical paths. 

Understanding how to construct ellipses geometrically helps astronomers model these 

orbits with precision. 

• Engineering and design: Elliptical gears, bearings, and other mechanical components are 

designed using the principles of conjugate diameters. The ability to construct ellipses 

accurately ensures the proper function and efficiency of these components in machines 

and engines. 

• Computer graphics: In computer graphics and animation, ellipses are often used to create 

smooth curves and shapes. By using algorithms that implement the construction of 

ellipses via conjugate diameters, graphics software can render realistic curves and smooth 

transitions in visual media. 
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DISCUSSION 

Applications of ellipse construction 

The construction of ellipses using conjugate diameters finds numerous applications across various 

scientific and engineering fields. Some notable applications include: 

• Optics: In optical systems, the ellipse is used in the design of reflective telescopes, where 

light paths are often reflected from elliptical mirrors. 

• Astronomy: The orbits of planets and comets are elliptical, and the understanding of 

conjugate diameters helps in modeling their paths accurately. 

• Computer graphics: In computer graphics, ellipses are used in rendering curves and 

shapes, often requiring efficient algorithms based on geometric constructions like 

conjugate diameters. 

• Engineering: Elliptical shapes are used in the design of components that must handle 

stress in multiple directions, such as certain structural components and machinery parts. 

Historical context 

The study of ellipses dates back to ancient Greek geometry, with mathematicians such as 

Apollonius and Euclid making significant contributions to the understanding of conic sections. The 

concept of conjugate diameters was later formalized during the Renaissance period, with 

advancements in algebraic geometry enabling a deeper understanding of these relationships. 

Modern relevance 

In modern times, the construction of ellipses and the use of conjugate diameters are essential in 

the fields of physics, engineering, and computer science. The ability to model elliptical shapes 

accurately aids in a range of technologies, from satellite orbits to advanced manufacturing 

processes. 

CONCLUSION 

Constructing an ellipse using conjugate diameters provides a foundational understanding of this 

conic section's geometric properties. By employing mathematical formulas, such as the 

relationship between the semi-major axis, semi-minor axis, and conjugate diameters, it is possible 

to accurately construct and apply ellipses in various scientific and engineering domains. This 

geometric approach illuminates the intrinsic relationships between the ellipse's axes and focal 

points, offering a clear pathway to deeper insights into its structural behavior. Furthermore, this 
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method of construction serves as a bridge to the practical application of ellipses in diverse fields 

such as optics, aerospace engineering, computer graphics, and astronomy. 

In modern technologies, the precise construction of ellipses is vital in the design of optical 

systems, where light reflection and refraction depend on elliptical shapes. Additionally, ellipses 

play a crucial role in the modeling of orbital mechanics, where the trajectories of celestial bodies 

are often elliptical in nature. The historical significance of this geometric principle, dating back to 

the work of ancient mathematicians like Apollonius and Kepler, further underscores the enduring 

relevance of conjugate diameters in both theoretical and applied sciences. 

In conclusion, the conjugate diameter method for constructing an ellipse not only deepens our 

understanding of its geometric properties but also enhances its practical utility in various cutting-

edge technological advancements, cementing its place as an essential tool in both academic 

research and industry applications. 
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